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STABILITY OF MOTION OF IMPACT TOOLS

C. C. Fu and B. PAUL

Ingersoll-Rand Research, Inc., Box 301, Princeton, New Jersey

Abstract-A method is de:veloped for analyzing the rigid body dynamics of machines wherein a hammer is made
to reciprocate within a housing and to periodically impact against a bit, moil, anvil or other energy absorbing
member. The physical system is idealized and represented by a "floating" two-body model. It is found that two
simple steady-state motions could exist. It was also found that the floating two-body model theoretically admits
one stable steady-state solution which has the same period as the exciting force and exhibits only one impact per
cycle of the steady-state motion. Stability regions of the simple steady-state solutions are determined.

A separate computer solution was constructed to predict the detailed history of the system's motion. The
computer results indicate that the analytical steady-state solutions are stable only for extremely small disturbances.

1. INTRODUCTION

AN idealization of a reciprocating hammer impact tool is shown schematically in Fig. 1,
where mi represents the tool case, m2 represents the hammer, H is a constant down-force,
the actuator provides a steady force Po and an oscillatory force of amplitude PI and fre­
quency OJ/2TC, acting between the case and hammer. The hammer would, in a real tool,
impact against a bit. The bit has been replaced, in the idealization, by an energy sink, the
details of which will be described later.
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FIG. I. Schematic of reciprocating hammer impact tool.

Because the impact occurs when the absolute displacement of the hammer reaches a
specified value, rather than at a predetermined time, the problem is essentially nonlinear.
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However, it is possible to construct synchronous (that is, of the same period as the exciting
force) steady state solutions of the system by utilizing the piecewise linearity of the govern­
ing equations which prevail before and after impact occurs. The authors, together with a
colleague, D. L. Sikarskie, found that two such synchronous steady solutions were possible.
but because of nonlinearity of the system (which gives rise to the nonunique solution) there
is no assurance that either of the two predicted states can persist. A necessary condition for
a given steady-state process to persist in a real system is that the system, in the presence
of small random disturbances, shall stay sufficiently close to the given steady-state motion
for all time. If, furthermore, the small disturbances, due to external forces, eventually
fade away, the given steady-state motion is said to be asymptotically stable.

In this paper the asymptotic stability of the two-body system is considered. The analysis
is parallel to a previous discussion of a similar problem, involving a one-degree-of-freedom
system [1].

Regions in which stable steady-state solutions exist are determined. The stability regions
provide guidance for a designer to choose design parameters which will result in a stable
operating impact tool.

A separate computer solution has also been constructed to confirm the stability analysis.

2. EQUATION OF MOTION AND GENERAL SOLUTION

The equations of motion of the two-body system, between impacts, are,

d2x
mt - 2-

t +K(XI-X2) = PO+PI cos(wt+rx)-H
dt

(I)

(2)
d2x2

m2 dt2 +K(X2-XI) = PO-PI cos(wt+cx)-(m l +m2)g

where all the quantities are defined in Fig. 1, except cx which is an arbitrary constant to be
defined later.

In terms of the nondimensional quantities

Yt = KxdPI. Y2 KX2fPt, R = PO/PI, F = H/PI ,

_ [K(m l +m2 )]t
fl = mdmz, wo - ,A = w/wo and r = UJot,

m t m2

the general solution to the above equations, for A # I, is

. 1
YI = C3 sm r+C4 cos r+ (1 +,11)(1-),2) COS(Ar+ct)

--~--Z(F+Gl +Gz)rz+Ctr+Cz +Co'
2(1 + fl)

Yz = -,u[c3 sinr+c4 cosr (I+Ji)~I- COS(Ar+CX)+co]

--~)z(F+Gt +G 2)r z+C t r+Cz
2(1 + fl

(3)

(4)
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where C I, C2, C3' and C4 are the four integration constants and,

Co = R+GI __F_.
1+ ,u (l + ,u)2

3. SIMPLE STEADY-STATE SOLUTION
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It will be assumed that the case never impacts against the fixed surface, and that a steady
state motion is ultimately achieved. We are particularly interested in those steady-state
motions which have the same period (2n/A) as the exciting force, and which exhibit only one
impact per cycle of the exciting force. Such a "simple" steady-state solution can be con­
structed by further assuming that the impact occurs instantaneously and can be fully
described by a single parameter e, which is referred to as the "effective coefficient ofrestitu­
tion" for the system. Therefore, it is assumed that upon impact the second mass is instan­
taneously stopped and has its speed changed from V to eV and its direction reversed.
Conditions to be satisfied are:

where

Y2(O) = 0

Y2(O) = eV20

YI(O) = YIO

YI(O) = VIO

Y2(2n/A) = 0

Y2(2n/A) = - V20

YI(2n/A) = YIO

YI(2n/A) = VIO

(5)

(6)

It is now clear that the value of IX is determined by the condition that impact is assumed to
occur at r = 0 and 2n/A.

A substituion of equations (3) and (4) into equations (5) gives,

1
C I = -1-(eV20 +,uVlO )

+,u

,u
C2 =1+,uYlo

1 ( A . )C3 = l+,u VIO-eV20+1_A2S1111X

C4 = 1 ~,u (YI 0- 1~A2cos IX) - Co·

(7)
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Using equations (6) we can eliminate the unknown quantities YIO, VIO' and V20 , to obtain

nil
C, = 2(1+1l)2(F+G I +G2)

C2 = Il[ -C I cotI+(1+:~t/~_22)+COJ
C3 = -CI

(8)

sin (X = n(l-e)(l-22)(F G G)
22(1+e) + 1+ 2' (9)

For the steady-state solution to exist, it is necessary that

V20 ~ 0,

y,(r) ~ 0 for all r,

Yz(r) ~ 0 for all r.

(10)

Note that if 2 = lin, where n is a positive integer greater than unity, we have
cot(nlA.) - 00 and the values of C2 and C4 approach infinity. However, solutions which
correspond to A. = lin are all inadmissible because of equation (10). Therefore resonance
occurs only at 2 = 1.

4. STABILITY OF SIMPLE STEADY-STATE SOLUTION

A given steady-state solution is said to be asymptotically stable or unstable if slight
perturbations decay or grow as time goes on (i.e. time - (0).

Following [1], let us consider that the system has been perturbed by a small impulsive
force which makes it depart momentarily from the simple steady-state solution. The per­
turbed solution will now be found.

Equation (7) shows the dependence of the constants Ci (i = 1,2,3, and 4) on the initial
values of (x, V20 , YIO, and VIO ' Let us consider small perturbations .1.a, .1.V2 , .1.YI, and .1.V,
on the initial values. The motion of the perturbed state is given by equations (3) and (4),
with C; replacing Ci , where

(11 )

+ higher order terms
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Using equation (7) and neglecting the higher order terms, we find

C; = C i +-11(e~Vl+J.L~Vi)
+J.L
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(12)

(17)

(13)

(14)

(15)

(16)

C2= C1+-
1

J.L ~Yi
+J.L

, 1 ( A.)C3 = C3+ 1+ J.L ~Vi - e~V1 + 1_ A.1 cos IX~IX

C~ = C4 + 1~ J.L (~Y1 + 1~ A.1 sin IX~IX) .

Equations (3) and (4), with C; replacing C i , hold true until the time when the second body,
mz, strikes the fixed surface. Let this particular time be given by wot = ! = T; i.e.,

yz(T) = 0,

Yi(T) = YlO+~Y'l

Yi(T) = Vi0+~V;

Yz(T) = -(VZO+~V2)'

The value of IX also changes to IX + ~IX'. Then,

T = 2; +~IX' -~IX.

Equations (13) to (16) give four equations for the four unknowns ~IX', ~V 2, ~y'i' and ~V'i
in terms of the original perturbations ~IX, ~Vz , ~Y 1 , and ~Vi' These equations, in general,
contain trigonometric terms of arguments IX + ~IX, IX + ~IX', 2n/A. + ~IX, 2n/A. + ~IX', etc. If we
expand all these terms in powers of ~IX and ~IX', we obtain the system oflinear equations

~V'i PiiP12P13P14 ~Vi

~Y'i PZiPZZPZ3PZ4 ~Yi

~V2 P3i P32P33P34 ~Vz

~IX' P4iP4ZP43P44 ~IX

(18)

Let us define:
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We find,
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Bs = 1~ p( I-cos 2;)

B6 = 1~~(j1+cos 2;)

B7 = _1_(~+cos 21t)
1+j1j1 ),

B 8 = 1~).2()'BI cos rx-Bs sin rx)

B9 = ~(BI sin rx+)'Bs cos rx)
I-A

AP cos rx
P30 = (1+j1)(1-).2)

P _ A(I+e)
40 - 2(1 +p)C

I

P41 = ).pB2P40

P42 = ApBsP40

P43 = ).ej1B3P40

P44 = 1- pB8 P40

P31 = -pBS-P30P41

P32 = pB I -P3oP42

P33 = epB7 - P3oP43

P21 =B4+P20P41

P22 = B6 +P20P42

P23 = eB2+P20P43

(19)
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P12 = -B l -PlOP42

PI3 = eBS -PlOP43
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1
PI4 = ~[-B9+PIO(l-P44)].

We now think of the initial perturbations fl VI' fly I, flV2 , and flex as components of a
vector. After the first impact the perturbations for the next cycle of motion are given by a
vector of components (flV~, flil, flV2, flex'), which are determined from equations (18), i.e.,

{flV~, fly~, fl V2,flex'} = [PHfl VI' fly!> flV2 , flex};

after the second impact they are given by,

{flV~, fly~, flVi, flex"} = [PHfl V~, fly~, fl V2, flex'}

= [PJ 2
{ flVt>flYl,flV2 ,dex},

etc. If the vector [PJn{fl Vt> flYl, fl V2 , flex} tends to zero as n approaches infinity, the per­
turbed solution approaches the steady-state solution and the solution is said to be asymp­
totically stable. It should be observed that only first order perturbation terms were retained
in equation (11). However, Masri and Caughey [2J proved that the first order terms do
indeed govern the asymptotic stability of systems of this type. Using a proof parallel to
that of [IJ and [2J, one can show that asymptotic stability is insured by the condition that
the modulus of each eigenvalue, Qi, of the matrix P is less than one and instability follows
from the condition that at least one of the moduli of the eigenvalues is greater than one,
i.e., the solution is asymptotically stable, if

IQil < 1 for i = 1,2, 3, and 4

and asymptotically unstable, if

IQil> 1 for i = 1,2,3, or 4.

Qi are determined by the equation

(20)

S. NUMERICAL EXAMPLES AND DISCUSSION

As a numerical example we choose the parameters: F = 0'45, R = 1-16, Gl = 0,331,
and G2 = 0-029, and seek regions of the e-A. plane in which the analytically constructed
solutions are asymptotically stable.

It has been pointed out that for a given set of values of e and A., there exists, in general,
two branches of solutions. This is simply because the value of ex enters into the analysis
through equation (9) in the form of sin ex, which does not define the value of ex uniquely.
If exo is a solution, then n - exo is also a solution. Let us assume that the first branch of solu­
tions is associated with exo, where -n/2 :::;; exo :::;; n/2, and the second branch with n-exo.

By examining the eigenvalues we have found that the first branch of the two solutions
is always unstable, for all values of e and A. investigated, (0:::;; A. :::;; 5; 0 :::;; e :::;; 1). For the
second branch of the solution, narrow stability regions in the e-A. plane have been found
and are shown in Fig. 2. These numerical results were carried out by a digital computer.
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The eigenvalues of the matrix P are determined using a subroutine obtained from SHARE
[3].
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FIG. 2. Regions of stable simple steady-state solutions.

(Stable regions shown shaded with vertical lines are found from stability analysis. Points x. 0 are found from the computer
solution of the initial value problem.)

6. A COMPUTER SOLUTION

A computer program was written to directly determine the four integration constants
of equations (3) and (4). First, one starts with an arbitrary set of initial values which deter­
mines the four constants. The motion is then followed until the time when Y2 = 0 occurs.
The values of Yl' Yl' and Y2 are next computed at that particular time. Multiplying the
value of Y2 by (- e) together with the other calculated values provide a set of new initial
conditions from which one can determine the four constants Ci of equations (3) and (4)
anew. The process is repeated over and over so as to obtain the time behavior of the system.

The computer solution can be used to provide a check on the stability results. Several
points, as shown in Fig. 2, have been checked and the computer results agree with the
theoretical predictions on stability.

Here we point out, however, that the stability of the system is very "weak" in the sense
that a solution is stable only for extremely small perturbations.

7. CONCLUSIONS

Asymptotic stability of the simple steady-state motion for a two-body dynamic system
subjected to repeated impact conditions has been formulated and analyzed. Narrow sta­
bility regions have been found. A separate computer solution, however, indicated that all
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the stable solutions stay stable only for extremely small perturbations. Therefore, we
conclude that, although narrow stability regions can be found, the simple steady-state
motion of the system is essentially unstable from a practical point of view. If one wishes to
design such a "floating" system, one should not expect a steady-state motion which has
the same period as the exciting force and which exhibits only one impact per cycle of the
steady-state motion.

Practical impact tools incorporate "stops" on the case which will impact the bit (or
"fixed surface", in our idealization) from time to time, and may have a wider range of
stable operating conditions than the "floating" system which was analyzed in this paper.
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AficTpaxT--Onpe,lleJIlIeTClI MeTO,ll paC'IeTa ,llHHaMHKH TBep,llOrO TeJIa,IJ,JIll MaWHH, B KOTOpbIX MOJIOT HMeeT
so3BpaTHo-noeTynaTeJIbHoe ,llBHlKeHHe BHyTpH KOpnyca H ,lleJIaeT nepHO,llH'IecKH y,llaP Ha CBepJIO, ,llOJIOT­
'IHTbdl: 6yp, HaKOBaJIbHIO, HJIH Ha ,llpyroA 'lJIeH, norJIaIl\alOIlUIA 3HeprHIO. M,lleaJIHpH3yeTclI 4lH3H'IecKall
CHCTeMa, KOTopall npe,llCTaBJIlIeT co6oA "nnaBaIOIl\YIO" MO,lleJIb ,llByX TeJI. B ,llaHHOM cJIy'lae MOryT
,lleACTSOBaTb ,llBa npOCTbIe yCMaHoBHBMHecll ,llBHlKeHHlI. Onpe,lleJIlIeTClI, TaKlKe, 'ITO nnaBalOIl\all MO,lleJIb
,llBYX TeJI ,llonycKaeT TeopeTH'IecKH O,llHO YCToAlfHBoe yCMaHoBHBMeecll peweHHe, KOTOpoe 06JIa,llaeT TaKHM
lKe nepHO,llOM KOJIe6aHHA KaK H BbIHYlK,llalOIl\alI CHna H .u.onycKaeT TOJIbKO O,llHH y.u.ap B UHKJI yCMaHoBHB­
MerOCll ,llBHlKeHHlI. Onpe,lleJIllIOTClI paAoHbI YCToA'IHBOCTH npocTbIx yCMaHoBHBMHXClI peweHHA.

HaA,lleHO OT,lleJIbHoe peweHHe,IJ,JIll BbI'IHCJIHTeJIbHbIX MawHH, CI.\eJIblO onpe,lleJIeHHlI ,lleTaJIbHOA HCTOPHH
,llBHlKeHHlI CHCTeMbI. Pe3YJIbTaTbI YKa3bIBa1OT, 'ITO aHaJIHTH'IecKHe yCMeHoBHBMHecll peweHHlI lIBJIlIlOTClI
YCToA'IHBbIMH TOJIbKO ,lJ,Jl1I KpaAHe MaJIbIX B03MYIl\eHHA.


